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>> \ I In a class of three-dimensional abelian gauge theory the Lorentz invari- 

ance is spontaneously broken by dynamical generation of a magnetic field. An 
originally topologically massive photon becomes gapless, i.e. po—0 at p=0. 
Indeed, the photon is the Nambu-Goldstone boson associated with the spon- 
taneous breaking of the Lorentz invariance. Although symmetry generated 
^\j ■ by two Lorentz boost generators is broken, there seems to appear only one 

physical Nambu-Goldstone boson, namely a photon. We argue that the Ward 
identities in the Nambu-Goldstone theorem are saturated by the photon pole. 



As shown in the previous papers, ' in a class of three-dimensional gauge theories 
described by 

^ ; C = ~\ F ^ WV ~ Y ^ Vp \9 u A p + J2 \ [$a , (7a M (^ M + q*AJ - m a )^ a ] , (i) 
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the Lorentz invariance is spontaneously broken by dynamical generation of a mag- 
netic field B. We have constructed a variational ground state which has B^O and 
has a lower energy density than the perturbative vacuum. This is the first consistent 
renormalizable model in which the Lorentz invariance is spontaneously broken phys- 
ically. The variational ground state resembles the ground state in the quantum Hall 
effect. 3 ' 4 

Suppose that a uniform B^O is dynamically generated, which defines Lan- 
dau levels. There is asymmetry in the zero modes: Eo = e(r]qB) m, where chirality 
77=|Tr7°7 1 7 2 = ± 1. They exist in either positive or negative energy states. We 
have considered variational ground states in which these lowest Landau levels are 
either empty or completely filled. Accordingly a filling factor z^ a = or 1 is assigned. 

One can integrate Dirac fields in (1) in a background field F±2 = —B with 
specified filling fractions {^ a }- The resulting effective Lagrangian for gauge fields is 

Aff[A'] = -\b 2 + ~ F{> k eF> k - \ F[ 2X F[ 2 - \ e^A>^d„A> p + 0(A' 3 ) (2) 
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A'^ represents a fluctuation part of A^. e(p), x{p)i an d k (p) (P/z = *^/J summarize 
the fermion one-loop effect, which depend on B and {^ a }- In particular, k(0) — kq is 
the induced Chern-Simons term given by n 1 ^ = — J2 a r} a q 2 {y a — ^)/27r 

Consider a chirally symmetric model consisting of Nf pairs of rj a = + and — 
fermions with m a = + and q a >0- Note J2aVaq 2 = ^- Further suppose that the con- 
dition k,q= ^aVa^aQa/^ 71 ^ s satisfied. Then the difference in the energy densities of 
the variational ground state and perturbative vacuum in RPA is 

A£ = _ EVaV a q 3 a taQ _ 1 8Eyad . |fi| + q/| S |3/2n (3) 

2-k 6 ^l^Qi 

When the coefficient of the linear term (oc|S|) is negative, the energy density is 
minimized at Bj^O so that the Lorentz invariance is spontaneously broken. 1 ' 2 Note 
«(0) = 0. 

The Ward identities associated with the spontaneous breakdown of the Lorentz 
invariance are 

lim p p FT ( T[M 0jp F ok ] ) = -e jfc ( F 12 > = e^B . (4) 

Here M.^ vp {x) is the angular momentum density and FT stands for a Fourier trans- 
form. Hence nonvanishing B implies that there must be gapless poles in the correla- 
tion function (M.F) on the l.h.s.. 

One might naively expect two Nambu-Goldstone bosons, corresponding to two 
broken Lorentz-boost generators. We shall show that there seems only one Nambu- 
Goldstone boson which couples to both broken generators and saturates the Ward 
identities, and that it is the photon. 

Plane wave solutions (oce~* px ) for photons exist only if 

S (p) = e 2 pl - exp 2 - k 2 =0 (5) 

which determines the spectrum po (p) . They satisfy 

p 2 E 3 = (-pi -ei k p k p°^B . (6) 

In the radiation gauge div A = 0, (A , A±, A 2 ) = (k/c, ip 2 , — ip 1 ) e~ ipx . The important 
observation is that the photon has only one physical degree of freedom. 

In terms of symmetric energy-momentum tensors G^", J\/[wp = x ^qvp _ x v Q^ p . 
The Ward identities (4) become 

lim^ p (A F T(T[e^Fo fc ])-^FT(T[e "Fo fc ]))=e^ J B . (7) 

p^o [dpo dpj J 
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To see the relevance of the photon pole in the identities (7), we recall 

© Ml/ = e^ + e^tter , e^ = -F^F\ + l 9 ^F pa F^ . (8) 

Due to ( F12 )= — B, Oq 1 contains terms linear in B and F' . They are 

©° G °, e£, © 2 G 2 ~bb' , eg' ~ e^s E' k , e^ 2 ~ o . 

Therefore, on the l.h.s. of Eq. (7) we have, for (jk) — (12), 

and a similar one for (jk) = (21). Note that pj here denotes (p)j = p J ■ Further 
(T[Ej££] ) = -^ |^(xp 2 + y) - XPiPfc + ie jk K Po \ 



(9) 



? 



(10) 



T[fl'£# ) = — - (-^ k ep oPk - iK Pj ] 



To see the essential part of the mechanism, let us take an approximation in 
which we set e(p) = x(p) = 1- I* 1 other words, we keep only the quantum correction 
to k(p), which controls the gapless or gapful nature of photons. The evaluation of 
(9) is straightforward, and is simplified by taking po — > limit first. The l.h.s. of (7) 
becomes 

-,2 

lim -= ^ — e jk B = e jk B (11) 

p-o f +«(p)J 0=0 

since k(p) Po =o = 0(p )• In this approximation the photon pole in the gauge field 
part saturates the Ward identities. In a general case e(p), x(p) 7^ 1, the residue at the 
pole acquires corrections. It is expected that the matter field part of © Ml/ gives an 
additional contribution, again through the photon pole, to make the Ward identity 
(9) satisfied. If this is the case, the photon is the sole Nambu-Goldstone boson 
associated with the spontaneous breakdown of the Lorentz invariance. 

The one-degree photon couples to both _M 0jp (j = 1, 2). It gives a non- vanishing 
contribution to the Ward idientity. The crucial point is the condition k(0)=0. It 
follows not only from the Euler equations, but also from the Nambu-Goldstone the- 
orem. 



We remark that the mechanism described in this article works only if kq 7^ and 
the condition k(0) =0 is satisfied. For a general value of kq more general variational 
ground state needs to be considered. It is an interesting question at which values 
of kq, with a given fermion content, the Lorentz invariance is spontaneously broken. 
What happens if some of fermions are massive? With an elaboration of the Nambu- 
Goldstone theorem, we shall come back to these questions in near future. 
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